Abstract. In this note, we presented a new decomposition of elements of finite fields of even order and illustrated that it is an effective tool in evaluation of some specific exponential sums over finite fields, the explicit value of some exponential sums were obtained.
Introduction
Let n = 2m be a positive even integer and F 2 n the finite field of order 2 n . Let Tr n 1 (x) = n−1 i=0 x 2 i be the trace function. We encountered the following exponential sums when we investigate the Walsh spectra of some boolean functions. where f (x) ∈ F q [X]. The sums of the form (1.5) are also known as Weil sums. The problem of explicitly evaluating Weil sums is quite often difficult. Results giving estimates for the absolute value of the Weil sum are more common and such results have been regularly appearing for many years. We refer the reader to [8] for an overview of the related researches.
In this note, we will explicitly evaluate these exponential sums. The main results are the following:
where 2 m is the Jacobi symbol, and k m (µ) is the Kloosterman sum.
, we have
Notations and Preliminaries

2.1.
Trace representations of Boolean functions. Let n be a positive integer and F 2 n be the finite field with 2 n elements. A Boolean function on F 2 n is an {0, 1}-valued function from F 2 n to F 2 .
For any positive integer n, and for any positive integer k dividing n, the trace function from F 2 n to F 2 k , denoted by Tr n k , is the mapping defined as
In particular, the absolute trace over F 2 is the function Tr
Recall that, for every integer k dividing n, the trace function satisfies the transitivity property, that is, for all x ∈ F 2 n , it holds that [8] Tr
It is known [1] that every nonzero Boolean function g defined on F 2 n has a unique trace expansion of the form
where Γ n is the set of integers obtained by choosing one element in each cyclotomic coset of 2 modulo (2 n − 1) and o(j) is the size of the cyclotomic coset of 2 modulo (2 n − 1) containing j, a j ∈ F 2 o(j) , and ǫ = wt(g) modulo 2 where wt(g) is the Hamming weight of the image vector of g, that is, the cardinality of its support set
2.2. Polar decomposition. Let n = 2m. Denote the subgroup of (2 m +1)-th roots of unity in F 2 n by S, i.e., S = {z ∈ F 2 n |z
there is a unique polar decomposition of x as x = yz where y ∈ F * 2 m and z ∈ S. In fact, y = x
m by x. Then for every x ∈ F * 2 n , x ∈ F 2 m if and only if x = x, and x ∈ S if and only if x = x −1 . it is evident that for every x ∈ F * 2 n , one has that x + x, xx ∈ F 2 m and x/x, x/x ∈ S. Note that x → x is an isomorphism of the finite field F 2 n .
Kloosterman sums. For every
where we put k
See [8] for details. Note also that the values of Kloosterman sums over F 2 m were determined by Lachaud and Wolfmann in [6] .
2.4.
A new decomposition of elements of F 2 n related to an affine subspace. Let n = 2m. Denote E = {λ ∈ F 2 n : λ
Then E is an affine subspace of
which implies that u 1 = u 2 and λ 1 = λ 2 . Under this decomposition, the following two facts are easily verified.
Fact (ii) The map σ : E → F 2 m ; λ → λλ is a two-to-one map, the image set is precisely the set of elements in F 2 m which is of trace one.
proof of the main results
3.1.
The evaluation of p(µ). For the first exponential sums, we compute that
For every a ∈ F 2 n \ F 2 m , let a = uλ where u ∈ F * 2 m , λ ∈ E. Then
By the Fact (ii), one has that
one has that
Therefore, we have that
3.2. The evaluation of q(µ). It is evident that
3.3. The evaluation of q s (µ). It is easy to see that
Suppose that m is odd and gcd(s, m) = d = 1. In this case, it is obvious that gcd(2 s + 1, 2 m − 1) = gcd(2 s − 1, 2 m − 1) = 1 and we know that
) is a special case of the following exponential sum:
For odd m and gcd(s, m) = 1, it is proved in [7] that Lemma 3.1. If m is odd and gcd(s, m) = 1, then If m is odd and gcd(s, m) 
and
Let
And N i,j = |N i,j |. Then 
+ h 2 and thus h 1 − h 2 ∈ F 2 2s ∩ F 2 m = F 2 . Therefore, we know that the cardinality of H is 2 m−1 = |T 0 |. Moreover, for every h ∈ L, Tr(h We note that for f (x) = k i=0 α i x 2 a i +1 , the Weil sum u∈F 2 m χ m (f (u)) has been studied for many authors, see [2, 3, 4, 5, 9] etc. In most cases, this Weil sum u∈F 2 m χ m (f (u)) can be explicitly calculated.
